Abstract. The aim of this paper is to give effective inequalities in the form of
Introduction
Let S be a smooth minimal projective surface of general type. It is well known that M. Noether ([N] ) gave the inequality In this paper, we treat a more general object. Let X be a minimal projective 3-fold of general type with at worst Q-factorial terminal singularities. The main difficult point is to find a way to bound K 2 X · D and K X · D 2 for certain Weil divisor D on a singular 3-fold X since they are usually rational numbers. Our observation of this paper is that we can use the Q-divisor method to bound them through studying pluricanonical systems, and that the delicate property of surfaces with small invariants as well as certain method on surface fibration makes it possible for us to perform a detailed calculation. This approach is quite effective in the sense that we have almost found the answer to Reid's question (see Theorem 2(2)). We shall also present an interesting application of our inequality to the classification to canonical fibrations for Gorenstein minimal 3-folds of general type (see Theorem 3). All those inequalities in Theorem 1 are nontrivial and new.
We denote by φ 1 the canonical map of X. The necessary definitions of some terminologies, which are used in the statement of our main theorems below, will be given in subsection 1.3. The ground field is supposed to be algebraically closed of characteristic zero. Our main results are as follows.
Theorem 1. Let X be a minimal projective algebraic 3-fold of general type with only Q-factorial terminal singularities. The following holds.
(1). Suppose dimφ 1 (X) = 3. Then K 3 X ≥ 2p g (X) − 6. (2). Suppose dimφ 1 (X) = 2 and p g (X) ≥ 6. Then either K ].
Remark 0.1. We made extra assumption on p g (X) in (2) and (3) of Theorem 1 just for getting better inequalities. The method works for p g (X) ≥ 2.
The output of our method on Gorenstein minimal 3-folds is the following theorem which has greatly improved known results and has partially answered Problem (4.2) of [Kob] . For a more exact form, one may refer to Theorem 4.1, Theorem 4.5 and Theorem 4.9.
Theorem 2. (1) Let X be a Gorenstein minimal projective 3-fold of general type with at most locally factorial terminal singularities. Then either K

3
X ≥ 2p g (X) − 6; or X is canonically fibred by certain surfaces of which the invariants are (c 2 1 , p g ) = (1, 2) (and furthermore, if X has a canonical model which is also locally factorial, K (2) If X is a smooth projective 3-fold on which K X is ample, then we have an optimal Noether's inequality:
.
If the equality holds, then X is birationally equivalent to a genus two fibration over a birationally ruled surface.
Our inequalities have an interesting application as follows.
Theorem 3. (Boundedness theorem) There exists a constant K (K is computable). Let X be a Gorenstein minimal projective 3-fold of general type with at most locally factorial terminal singularities. The following holds.
(1) Suppose dimφ 1 (X) = 1. Then X is canonically fibred by surfaces with bounded invariants (e.g. the geometric genus p g ≤ 38) provided p g (X) > K.
(2) Suppose dimφ 1 (X) = 2. Then X is canonically fibred by certain curves with bounded genus (e.g. the geometric genus g ≤ 647) provided p g (X) > K.
Remark 0.2. A parallel version of Theorem 3 in the case of dimension 2 was proved by Beauville ([Be1] ). Theorem 3(1) has improved [Ch2, Theorem 2] . We haven't seen any similar results to Theorem 3(2) elsewhere. However, we feel that the upper bounds "38" and "647" are far from being sharp. One should note that, even if X is a surface of general type and if |K X | is composed of a pencil of curves, it is still open what the respective sharp upper bound is.
Preliminaries
1.1 Conventions. Let X be a normal projective variety of dimension d. We denote by Div(X) the group of Weil divisors on X. An element D ∈ Div(X) ⊗ Q is called a Q-divisor. A Q-divisor D is said to be Q-Cartier if mD is a Cartier divisor for some positive integer m. For a Q-Cartier divisor D and an irreducible curve C ⊂ X, we can define the intersection number D · C in a natural way. A Q-Cartier divisor D is called nef (or numerically effective) if D · C ≥ 0 for any effective curve C ⊂ X. A nef divisor D is called big if D d > 0. We say that X is Q-factorial if every Weil divisor on X is Q-Cartier. For a Weil divisor D on X, denote by O X (D) the corresponding reflexive sheaf. Denote by K X a canonical divisor of X, which is a Weil divisor. X is called minimal if K X is a nef Q-Cartier divisor. X is said to be of general type if kod(X) = dim(X). We refer to [R1] for definitions of canonical and terminal singularities.
∼ lin means linear equivalence, ∼ num means numerical equivalence and = Q means Q-linear equivalence. We always use the Kawamata-Ramanujam-Viehweg vanishing theorem in the following form.
Vanishing Theorem. 
Note that, when S is a surface, the above theorem is true without the condition (ii) according to [E-L, (1.2)].
1.3 Set up for the canonical map. Let X be a minimal projective 3-fold of general type with at most Q-factorial terminal singularities. Suppose p g (X) ≥ 2. We can define the canonical map φ 1 which is usually a rational map. Take the birational modification π : X ′ −→ X, according to Hironaka, such that (1) X ′ is smooth; (2) the movable part of |K X ′ | is base point free; (3) certain π * (K X ) has supports with only normal crossings. Denote by g the composition φ 1 •π. So g :
′ be the Stein factorization of g. We can write
where S 1 is the movable part of |K X ′ |, Z 1 the fixed part and E is an effective Q-divisor which is a Q-sum of distinct exceptional divisors. We can also write
where E ′ = Z 1 −E is actually an effective Q-divisor. We note that 1 ≤ dim(W ) ≤ 3. If dimφ 1 (X) = 2, we can see that a general fiber of f is a smooth projective curve of genus g ≥ 2. We say that X is canonically fibred by curves of genus g.
If dimφ 1 (X) = 1, we can see that a general fiber F of f is a smooth projective surface of general type. We say that X is canonically fibred by surfaces of which the invariants are (c F ) ), where F 0 is the minimal model of F .
Lemmas
The following result is a direct application of an inequality on curves proved by Castelnuovo. 
Proof. (i) is a trivial statement because the generic degree of the rational map defined by |L| is at least 2. In order to prove (ii), we take blow-ups π :
Proof. This is a direct result by virtue of R-R and Clifford's theorem.
Lemma 2.4. Let S be a smooth minimal projective surface of general type. The following holds:
Proof. Both (i) and (ii) can be derived from results of Bombieri ([Bo] ) and Reider ([Rr] ).
If p g (S) ≥ 3, then K 2 S ≥ 2 by Noether's inequality. The base point freeness of |3K S | follows from (ii). If K 2 S = 1 and p g (S) = 1, |3K S | is base point free according to [Cat1] . If K 2 S = 1 and p g (S) = 2, |3K S | definitely has base points. So (iii) is true.
(iv) follows from [Ci, Theorem 3 .1] and Reider's theorem.
Lemma 2.5. Let S be a smooth projective surface of general type. Let σ : S −→ S 0 be the contraction onto the minimal model. Suppose we have an effective irreducible curve
Proof. We can suppose |C| is a free pencil. Otherwise, we can blow-up S at base points of |C|. Denote 
is surjective. Then M | S ≥ N and thus
Proof. Denote by Z the fixed part of |D|. Because S is not a fixed component of |Z|, we see that Z| S ≥ 0. Thus D| S ≥ M | S . Considering the natural map
we have
Proof of Theorem 1
We would like to formulate our proof according to dimφ 1 (X). For the case dimφ 1 (X) = 3, Kobayashi ([Kob] ) already gave a proof. Here we give a smiple and alternative one so as to make this note self-contained.
Proposition 3.1. Let X be a minimal projective algebraic 3-fold of general type with only Q-factorial terminal singularities. Suppose dimφ 1 (X) = 3. Then
Proof. We keep the same notations as in 1.3. In this situation, a general member S 1 ∈ |S 1 | is a smooth irreducible projective surface of general type. Because K X is nef and big, we have
Then L is a nef and big divisor on S 1 and |L| defines a generically finite map onto its image. It's obvious that
Note also that p g (X) ≥ 4 under the assumption of this proposition. If |L| gives a birational map, then, by Lemma 2.1,
If |L| gives a non-birational rational map, then, by Lemma 2.2,
The proof is complete.
Suppose dimφ 1 (X) = 2. A general member S 1 is still a smooth, irreducible, projective surface of general type. Furthermore we have a fibration f : X ′ −→ W . Let C be a general fiber of f . Then C is a smooth projective curve of genus ≥ 2. Proposition 3.2. Let X be a minimal projective algebraic 3-fold of general type with only Q-factorial terminal singularities. Suppose dimφ 1 (X) = 2 and p g (X) ≥ 6.
Proof. We prove the proposition through several steps.
Step 1. To derive a raw inequality. Recall that we have π
Then we can see that L 1 is a nef and big Q-divisor on the surface S 1 and |L| is composed of a free pencil of curves on
− 2 and the C ′ i s are fibers of f contained in the surface S 1 . Thus we can see that
So it's sufficient to estimate L 1 · C in order to prove our result.
Step 2. The generic finiteness of φ 3 . We study the system |K X ′ + π * (K X ) + S 1 |. Apparently one can see that
We claim that φ 3 is generically finite whenever p g (X) ≥ 4. We only have to prove that φ 3 | S 1 is generically finite for a general member S 1 . By the vanishing theorem, we have
We want to prove that
is a nef and big Q-divisor. Using the vanishing theorem again, we get
is a divisor on C with positive degree. Noting that g(C) ≥ 2, |K C + D| gives a finite map. Thus we have seen that φ 3 is generically finite.
Step 3. Estimating (L 1 · C). Since we have proved that |3K X ′ | gives a generically finite map, we can see that M 3 | S 1 also gives a generically finite map on the surface S 1 , where M 3 is the movable part of |3K X ′ |. Thus Φ |M 3 | S 1 | maps a general C to a curve and then
. This is only an initial estimation. We shall use it to derive a better one.
We design a programme here which is much effective to estimate (L 1 · C). Let us call it the α-Programme for the time being.
Suppose α is a positive integer. We have
The vanishing theorem gives
We can see that
is a nef and big Q-divisor. Using the vanishing theorem on S 1 again, we get
where
We have to use several symbols in order to obtain our result. Let M α+2 be the movable part of
From (3.1) and Lemma 2.6, we have h
Now take α = 2 and run the α-Programme. We get
. This is a better bound than the initial one. However it's not enough to derive our statement. We have to optimize our estimation.
Step 4. Optimization. As has been seen in the previous step, we have L 1 · C ≥ 3 2 when g ≥ 3. We can take α = 1 now and run the α-Programme. Since p g (X) ≥ 6, we have a ≥ 4. Thus
This means L 1 · C ≥ 2, which is what we want. So we have the inequality
whenever g(C) ≥ 3. The proof is complete.
If dimφ 1 (X) = 1, we have a fibration f : X ′ −→ W where W is a smooth projective curve. Denote b := g(W ). We can see that a general fiber F of f is a smooth projective surface of general type. Let σ : F −→ F 0 be the contraction onto the minimal model. Note that we always have p g (F ) > 0 in this situation. We also have 
Proof. We also formulate the proof through steps.
Step 1. To derive a raw inequality. On the surface F , we denote L := π
Then L is an effective nef and big
So the main point is to estimate L 2 in order to prove the proposition.
Step 2. Bounding L 2 according to φ k+1 . Let M k+1 be the movable part of |(k + 1)K X ′ |. Then we can write
where E k+1 is an effective Q-divisor. Therefore we see
We get the inequality
Now we prove the claim. In fact, φ 1 is a morphism if b > 0. In this case, we don't make the modification. We can take X ′ = X and have a fibration f : X −→ W . A general fiber F is a smooth projective surface of general type, because the singularities on X are isolated. Furthermore F is minimal because K X is nef. By Kawamata's vanishing theorem for Q-Cartier Weil divisor ( [KMM] ), we have
Noting that F ≤ K X and using Lemma 2.6, we see that the claim is true in this case.
We consider the case with b = 0. We can use the approach in [Kol, Corollary 4 .8] to realize it. We have a fibration f :
. It is well known that E is generated by global sections and that f * ω k X ′ /P 1 is a sum of line bundles with non-negative degree (cf. [F] , [V2, V3] ). Thus the global sections of E can distinguish different fibers of f . On the other hand, the local sections of f * ω k X ′ give the k-canonical map of F and these local sections can be extended to global sections of E. This means
Proposition 3.4. Let X be a minimal projective algebraic 3-fold of general type with only Q-factorial terminal singularities. Suppose dimφ 1 (X) = 1 and
Proof. From
Step 2 of the proof of Proposition 3.3, we have seen that
(Although we suppose k ≥ 4 in Proposition 3.3, the case with k = 3 can be parallelly treated since |3K F 0 | is base point free for a surface with (K
According to Reid's plurigenus formula ([R1]), we have
Let M 2 be the movable part of |2K X ′ |. We consider the natural restriction map γ:
where Λ 2 is the image of γ.
Since Λ 2 is a sub-system of |2K F |, we see that the restriction of φ 2,X ′ to F is exactly the bicanonical map of F . Because φ 2,F is a generically finite morphism of degree 4, φ 2,X ′ is also a generically finite map of degree 4. Let S 2 ∈ |M 2 | be a general member. We can further modify π such that |M 2 | is base point free. Then S 2 is a smooth projective irreducible surface of general type. On the surface S 2 , denote L 2 := S 2 | S 2 . L 2 is a nef and big divisor. We have
We consider the natural map
where Λ 2 is the image of γ ′ . Because φ 2 is generically finite map of degree 4, we see that |L 2 | has a sub-system Λ 2 which gives a generically finite map of degree 4.
In this case, dimφ 2 (F ) = 1 and dimφ 2 (X) = 2. We can further modify π such that |M 2 | is base point free. Taking the Stein factorization of φ 2 , we can get a derived fibration f 2 : X ′ −→ W 2 where W 2 is a surface. Let C be a general fiber of f 2 . We can see that F is naturally fibred by curves with the same numerical type as C. On the surface F , we have a free pencil Λ 2 ⊂ |2K F |. Let |C 0 | be the movable part of Λ 2 . Then h 0 (F, C 0 ) = 2. Because q(F ) = 0, we see that |C 0 | is a pencil over the rational curve. So a general member of |C 0 | is an irreducible curve. According to Lemma 2.5, we have
Now we study on the surface S 2 . We can write
where the C ′ i s are fibers of f 2 and a 2 ≥ P 2 (X) − 2. Noting that
The inequality is
Case 3. dim C Λ 2 = 1. In this case, dimφ 2 (X) = 1. Because p g (X) > 0, we can see that both φ 2 and φ 1 derive the same fibration f : X ′ −→ W after taking the Stein factorization of them. So we can write
where the
Comparing (3.5), (3.6) and (3.7), we get the inequality.
Propositions 3.1, 3.2, 3.3 and 3.4 imply Theorem 1.
Inequalities for Gorenstein 3-folds
This section is devoted to study the respective inequality for Gorenstein 3-folds. Let X be a Gorenstein minimal projective 3-fold of general type with only locally factorial terminal singularities. It is well known that K 3 X is a positive even integer and χ(O X ) < 0. We also have the Miyaoka-Yau inequality
Besides, after taking a special birational modification to X according to Reid while using the result of Miyaoka ([M2]), we can get the plurigenus formula as follows.
The following theorem is an improvement to [Kob, Main Theorem] . We keep the same notations as in previous sections. (
X is canonically fibred by curves of genus g, then
, p g (F )) = (1, 2) and, if X has a canonical model which is also locally factorial, K Proof. According to Proposition 3.1, it's sufficient to study the case dimφ 1 (X) < 3. Case 1. dimφ 1 (X) = 2. We have a fibration f : X ′ −→ W where a general fiber C is a smooth curve of genus g. We can suppose g ≥ 3. Denote L := π * (K X )| S 1 , which is a nef and big Cartier divisor. Let S 1 ∈ |M 1 | be a general member. Then S 1 is a smooth projective surface of general type. Noting that |S 1 | S 1 | is composed of a free pencil of curves with the same numerical type as C, we have
where E 2 is effective and a ≥ p g (X) − 2. We can easily see that
It's sufficient to estimate (L · C). We design a so-called β-Programme to make the estimation. Let β be a positive integer. Obviously, we have
We have L ≥ C. If β > 1, then we have
be the movable part of |K X ′ + βπ
Also by Lemma 2.6, we have h
Using R-R again and Clifford's theorem, we can see that h 1 (C, N β | C ) = 0 and
From now on, we can constantly take β = 2. We can see that
. Case 2. dimφ 1 (X) = 1. In this case, we have a fibration f : X ′ −→ W onto a smooth curve W where a general fiber F of f is a smooth irreducible surface of general type. We have
and
Note that K X · F 2 is an even integer.
(One may also refer to [Ch3, Lemma 2.3] or the proof of [Ma, Claim 9.1] for the original idea.) Thus we always have
, p g (F )) = (1, 1). Note that this is the special case of Proposition 3.4 and so that the estimation here is more exact since X is Gorenstein. The main point is that we have π
We can see from the proof of Proposition 3.4 that (3.5) is still as
and that (3.7) will be replaced by . Proof. We deduce the inequality in an alternative way. One may refer to [X3] and [Sun] for a parallel argument in surface case. If the movable part of |K X | has base points, then we have K 3 X ≥ 2p g (X) − 2 according to [Kob, Case 1, Theorem (4.1)] because of the assumption that X has a canonical model which is also locally factorial. So we may suppose Φ |K X | is a morphism.
Taking the Stein-factorization of Φ |K X | , we can get the derived fibration f : X −→ W . Let M 1 be the movable part of |K X | and S 1 ∈ |M 1 | be a general member. We can write S 1 ∼ lin
where the F ′ i s are fibers of f , F is a general fiber of f and b 1 ≥ p g (X) − 1. Because X is minimal, F is a minimal surface. Since X has isolated singularities, F is smooth. Note that we have K 2 F = 1 and p g (F ) = 2 under the assumption of the proposition. We can also write K X ∼ num b 1 F + Z, where Z is the fixed part of |K X |. According to Theorem 5.1 below, we have b := g(W ) ≤ 1 provided p g (X) ≥ 3. From [E-L, L1], we know that |5K X | is base point free. Let S 5 ∈ |5K X | be a general member. Since X has isolated singularities, S 5 is a smooth projective irreducible surface of general type. We can see that f (S 5 ) = W . Denote f 0 := f | S 5 . Then f 0 : S 5 −→ W is a proper surjective morphism onto W (f 0 may be not a fibration). Because f (F ) is a point, F | S 5 is vertical with respect to f 0 , i.e. dimf 0 (F | S 5 ) = 0. Now we have
where Z V is the vertical part and Z H is the horizontal part. We can write Z H := m i G i where m i > 0 and the G ′ i s are distinct irreducible curves on S 5 . We have
Thus m i ≤ 5 for all i. Denote
Note that both K S
Therefore we get D · Z H ≥ 0. This means
On the other hand, we have
Combining (4.3) and (4.4), we get
We also have , if b = 1. If |4K X | is base point free, then the method gives the inequality
The proof is complete. . Now suppose X is a smooth projective 3-fold. Let M be a divisor on X such that h 0 (X, M) ≥ 2 and |M | has base points but no fixed part. According to Hironaka ([Hi]), we can take successive blow-ups
such that (i) π i is a single blow-up along smooth center W i on X i−1 for all i; (ii) W i is contained in the base locus of the movable part of
and thus W i is a reduced closed point or a smooth projective curve on X i−1 ; (iii) the movable part of |π * (M )| has no base points. It's clear that the resulting 3-fold X ′ is still smooth. Let E i be the exceptional divisor on X ′ corresponding to W i . Then we can write
where a i , e i ∈ Z, a i ≥ 0 and M is the movable part of |π * (M )|. From the definition of π, we can see e i > 0 for all i. 
From the definition of π 1 , we know that e (1)
1 . For i = n − 1, we have
Suppose we have already had a
. Then we can get
Because π n is also a single blow-up, we can see similarly that a
We see that a i ≤ 2e i . The proof is complete.
Theorem 4.5. Let X be a minimal smooth projective 3-fold of general type. Suppose dimφ 1 (X) = 2 and X is canonically fibred by curves of genus 2. Then
The inequality is sharp.
Proof. We keep the same notations as in 1.3 and in Case 1 of the proof of Theorem 4.1. Set K X ∼ lin M + Z, where M is the movable part of |K X | and Z is the fixed part. We can take the same successive blow-ups
as in the set up just before Lemma 4.4. Let g = φ 1 • π. Taking the Stein-factorization of g, we get the derived fibration f : X ′ −→ W . A general fiber of f is a smooth curve of genus 2 by assumption of the theorem. Let S 1 be the movable part of |π * (M )|. Then we have
We know that a i ≥ 0, e i > 0 and both a i and e i are integers for all i. We also have
We also have S 1 | S 1 ∼ num aC where a ≥ p g (X) − 2 and C is a general fiber of the restricted fibration f | S 1 : S 1 −→ f (S 1 ). Note that the above C lies in the same numerical class as that of a general fiber of f . If L · C ≥ 2, we have already seen in the proof of Theorem 4.1 that K 3 X ≥ 2p g (X) − 4. From now on, we suppose L · C = 1. Note that, in this situation, |M | definitely has base points. (Otherwise, π =identity and
H is an irreducible curve and is a section of the restricted fibration f | S 1 . Denote E| S 1 := E V + E H , where E V is the vertical part and E H is the horizontal part. From K S 1 · C = 2, one can see that E H · C = E| S 1 · C = 1. This also means that E H is an irreducible curve and E H comes from some exceptional divisor E i with a i = 1. We can suppose E H comes from E 0 . Then a 0 = 1. Because e ′ 0 > 0 and π * (K X ) · C = 1, we see that e 
We have the following
This is apparently a direct consequence of Lemma 4.4. In fact, we have a i ≤ 2e i ≤ 2e
On the other hand, it's obvious that
The claim is true. Now we have proved that 2E ′ V −E V is effective and vertical, we see that
So we have 2π
We also have
Combining (4.5) and (4.6), we get 3π
Finally, we have
The inequality is sharp by virtue of (0.1). The proof is complete.
Remark 4.6. As was pointed out by M. Reid ([R3, Remark (0.4)(v)]), the blow-up of a canonical singularity need not be normal and thus need not be canonical, even if the original canonical point is a hypersurface singularity of multiplicity 2. Because of this reason, we would rather treat a smooth 3-fold in Theorem 4.5, although the method seems all right for Gorenstein 3-folds.
Lemma 4.7. Let X be a smooth projective 3-fold of general type. Suppose p g (X) ≥ 3, dimφ 1 (X) = 1. Keep the same notations as in subsection 1.
, p g (F )) = (1, 2), then one of the following holds:
Proof. Replacing X by a birational model, if necessary, we can suppose that φ 1 is a morphism. Note that, here, we don't need the minimality of X. Taking the Stein-factorization of φ 1 , we can get a derived fibration f : X −→ W . Let F be a general fiber of f . By assumption, (K
, p g (F )) = (1, 2) where F 0 is the minimal model of F . According to Theorem 5.1 below, we can see that b = g(W ) ≤ 1 whenever p g (X) ≥ 3. Because q(F ) = 0, we can easily see that q(X) = b and
. In order to prove the lemma, it's sufficient to study h 1 (W, f * ω X ). Since we are in a very special situation, we should obtain much explicit information. We still use a similar method to that in the proof of [C-C, Theorem 1].
Let L 0 be the saturated sub-bundle of f * ω X which is generated by H 0 (W, f * ω X ). Because |K X | is composed of a pencil of surfaces and φ 1 factors through f , we can see that L 0 is a line bundle on W . Denote
Noting that rk(f * ω X ) = 2, we see that L 1 is also a line bundle. Noting that
Lemma 4.8. Let X be a smooth projective 3-fold of general type. Suppose
, p g (F )) = (1, 2). Let f : X −→ W be a derived fibration of φ 1 and F 1 be certain smooth fiber of f . Then the following holds:
Proof. (i). If b = 1, we have h 2 (O X ) = 0 by Lemma 4.7. Let F 2 , F 3 be two arbitrary smooth fibers of f . We claim that
In fact, we only have to consider the exact sequence:
Noting that H 1 (X, K X ) = 0 and
Also considering the sequence:
we easily find that H 1 (X, K X + F 2 + F 3 ) = 0. It's obvious that |K X + 3F 1 | can distinguish different fibers of φ 1 . In order to prove the lemma, it's sufficient to study Φ |K X +3F 1 | | F for a general fiber of f . Noting that h 0 (X, 3F 1 − F ) = 2, we see that 3F 1 − F is linearily equivalent to a union of two smooth fibers of f . Thus we see that H 1 (X, K X + 3F 1 − F ) = 0. This means that we have the surjective map H 0 (X,
(ii). Similar to the above proof, we only have to study |K X +2F 1 || F for a general fiber F . Considering the exact sequence:
we have the long exact sequence
If, for a general fiber F , α 1 is surjective, then we can see that
So dimΦ |K X +2F 1 | (X) = 2. We are done. Otherwise, α 1 is not surjective. Because α 1 = 0, we see that
. From the proof of the previous lemma, we
Theorem 4.9. Let X be a smooth projective 3-fold on which K X is ample. Suppose dimφ 1 (X) = 1 and (K
The proof is slightly longer, however with the same flavour as that of Theorem 4.5. Similar to the proof of Proposition 4.2, we can suppose Φ |K X | is a morphism. (Otherwise, we have better inequality like K 3 X ≥ 2p g (X) − 2 according to [Kob, Case 1, Theorem 4 .1] because of the ampleness of K X .) We can suppose p g (X) ≥ 3. We still suppose f : X −→ W is a derived fibration of Φ |K X | . Note that b = g(W ) ≤ 1. Let M be the movable part of |K X + mF 1 |, where F 1 is a fixed smooth fiber of f as in Lemma 4.8. Also note that F is minimal in this situation and (K 2 F , p g (F )) = (1, 2). It's well-known that |K F | has exactly one base point, but no fixed part, and that a general member of |K F | is a smooth irreducible curve of genus two. Since |K X + mF 1 || F = |K F | and according to Lemma 2.6, we see that M | F = K F . This means that |M | definitely has base points. According to Hironaka ([Hi] ), we can take successive blow-ups
(ii) W i is contained in the base locus of the movable part of
and thus W i is a reduced closed point or a smooth projective curve on X i−1 ; (iii) the movable part of |π * (M )| has no base points. Denote by E i the exceptional divisor on X ′ corresponding to W i for all i. Noting that the resulting 3-fold X ′ is still smooth. Let M be the movable part of |π * (M )| and S ∈ |M | be a general member. Then S is a smooth irreducible projective surface of general type. Denote
′ be a general fiber of f ′ . Note that F ′ has the minimal model F . We can write
e i E i . According to Lemma 4.4, we have 0 < a i ≤ 2e i for all i. Recall that we have
s are fibers of f , S 1 is the movable part of |K X | and Z is the fixed part of |K X |. Note that there is an effective divisor Z 0 ≤ Z such that M ∼ lin S 1 + mF 1 + Z 0 . We can write
for all i and L j 1 = L j 2 whenever j 1 = j 2 . Note that π * (M ) ≥ π * (S 1 + mF 1 ) and the strict transform of S 1 is a union of b 1 fibers of f ′ , we see that
where the F ′ j s are fibers of f ′ . Because dimΦ |M | (X ′ ) = 2, we see dimΦ |M | (S) = 1 for a general member S. So on S, the system |M | S | should be composed of a free pencil of curves since (M | S ) 2 = M 3 = 0. On the other hand, we obviously have
This means that the divisor M | S is vertical with respect to the morphism f ′ | S . By taking the Stein-factorization of f ′ | S , one can see that F ′ | S is linearly equivalent to a disjoint union of irreducible curves of the same numerical type and F ′ | S ∼ num ξC where C is certain irreducible curve and ξ is a positive integer.
Recall that 
where E V is the vertical part and E H is the horizontal part. We have
This means
Thus we see that ξ = 1 and thus f ′ | S : S −→ W is a fibration. This also means that E ′ H is irreducible and it comes from certain irreducible component of E ′ . For generic S and F ′ , because S| F ′ is the movable part of |K F ′ |, we see that S| F ′ is an irreducible curve of genus two. This means C = S ∩ F ′ is a smooth curve of genus two on S and
Noting that, from (4.7), S| S · C = M | S · F ′ | S = 0 and π * (K X ) · C = 1, we have E H · C = 1. This also says that E H comes from certain irreducible component E i in E with a i = 1. For simplicity we can suppose this component is just E 0 . So a 0 = 1. Now it's quite clear about the structure of E ′ | S and E| S :
Noting that E 0 | S can have only one horizontal component, we denote it by G := E H = E ′ H . Similar to the Claim in the proof of Theorem 4.5, it's easy to see that
(We leave the proof to interested readers since it's just a rewrite of the one over there.)
Now we can perform the computation on the surface S. We have
(One notes that p a (G) ≥ 1 if b = 1 and p a (G) ≥ 0 if b = 0.)
On the other hand, we have π
where we note that S| S is vertical and, numerically,
. Combining (4.9) and (4.10), we can get
When k ≥ 4 and p g (X) ≥ 2k + 2, Proposition 3.5 gives 
Proof. We have a canonically derived fibration f : X ′ −→ W . According to [Kol] and [V2, V3] , we know that R 1 f * ω X ′ ∼ = ω W and f * ω X ′ /W is torsion free. By [Kol, II, Corollary 3 .2], we have
On the surface W , we have q(W ) − p g (W ) = 1 − χ(O W ). By virtue of the birational classification theory on surfaces, we can see that
Thus we definitely have q(W ) − p g (W ) ≤ 1 under the assumption of the theorem. So we get
By Theorem 4.1(ii) and Miyaoka's inequality, we have It's easy to find a constant K 2 such that g(C) ≤ 109 provided p g (X) > K 2 .
When kod(W ) = −∞, we know that W is birationally equivalent to a ruled surface or P 2 . Denote b 0 := q(W ). This situation is more complicated. We have to do some preparation in order to prove the boundedness. Noting that
we can easily find a constant K 3 such that g ≤ b 0 + 109 provided p g (X) > K 3 .
Lemma 5.6. Let X be a Gorenstein minimal projective 3-fold of general type with at most locally factorial terminal singularities. Suppose dimφ 1 (X) = 2, kod(W ) = −∞ and b 0 ≥ 3. Then p g (S 1 ) ≤ 9 2 K 3 X − 2p g (X) + 6. Proof. Because W is birationally ruled, we have a projection map p : W −→ B onto a smooth curve B with genus b 0 . Because b 0 > 0, p is a morphism and a fibration. Because φ 1 factors through f and dimφ 1 (X) = 2, dim f (S 1 ) = 1. This means f maps a general S 1 onto a curve H in W and H is exactly the pull back of a hyperplane section H ′ in W ′ under the map s : W −→ W ′ . We see that H is a nef and big divisor on W and H is a smooth ireducible curve. Therefore there is a finite map θ : H −→ B, because p doesn't contract H. So b 1 := g(H) ≥ g(B) = b 0 . We have the following commutative diagram: where j 1 and j 2 are both inclusion. We can see that α : S 1 −→ H is a fibration where a general fiber C lies in the same numerical class as a fiber of f . Thus g(C) = g. Because b 0 ≥ 3, q(S 1 ) ≥ b 1 ≥ b 0 ≥ 3. So |K S 1 | defines a generically finite map according to [X2] . 
where L = π * (K X )| S 1 and L 0 = S 1 | S 1 . Because S 3 1 = 0, we can see that |L 0 | is composed of a free pencil of curves on the surface S 1 . We can write L 0 ∼ num a 1 C where a 1 ≥ p g (X) − 2. Since N 1 + L 0 is movable, we see from Lemma 2.6 that
Thus 9L
2 ≥ (N 1 + L 0 ) 2 . Noting that N 1 · C ≥ 2, we can easily derive the inequality
Proposition 5.7. Let X be a Gorenstein minimal projective 3-fold of general type with at most locally factorial terminal singularities. Suppose dimφ 1 (X) = 2, kod(W ) = −∞ and b 0 ≥ 3. If g ≥ 648, then b 0 ≤ p g (X) + 653.
Proof. According to the proof of Lemma 5.6, we have a surface fibration α : S 1 −→ H where g(C) = g and b 1 = g(H) ≥ b 0 . We shall use a filtration of vector bundles on H which was first studied in [X2] . Considering the natural map
where Λ 1 is the image of γ 1 , we can see that α is exactly obtained by taking the Stein factorization of Φ Λ 1 ,S 1 . Note that L 0 ≤ K S 1 and H 0 (S 1 , ω S 1 ) ∼ = H 0 (H, α * ω S 1 ) where α * ω S 1 is a vector bundle of rank g on the curve H. Denote by L 0 the saturated sub-bundle of α * ω S 1 , which is generated by sections in Λ 1 . Then it's obvious that L 0 is a line bundle because |L 0 | is composed of fibers of α. So we get an extension of α * ω S 1 :
Because α * ω S 1 /H is semi-positive, we have deg(L 1 ⊗ ω 
we have the inequality
